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Abstract 

We consider the operator + V on the real Une with a real periodic potential V. The 
spectrum of this operator is absolutely continuous and consists of intervals separated 
by gaps. We define a Lyapunov function which is analytic on a two sheeted Riemann 
surface. On each sheet, the Lyapunov function has the same properties as in the scalar 
case, but it has branch points, which we call resonances. We prove the existence of real 
as well as non-real resonances for specific potentials. We determine the asymptotics 
of the periodic and anti-periodic spectrum and of the resonances at high energy. We 
show that there exist two type of gaps: 1) stable gaps, where the endpoints are periodic 
and anti-periodic eigenvalues, 2) unstable (resonance) gaps, where the endpoints are 
resonances (i.e., real branch points of the Lyapunov function above the bottom of 
the spectrum). We also show that the periodic and anti-periodic spectrum together 
determine the spectrum of our operator. Finally, we show that for small potentials 
V ^ the spectrum in the lowest band has multiplicity 4 and the bottom of the 
spectrum is a resonance, and not a periodic (or anti-periodic) eigenvalue. 

1 Introduction and main results 

We consider the self-adjoint operator C = ■^ + V, acting on L^(M), where the real 1-periodic 
potential V belongs to the real space Lj(T) = {V e L\T), V{t)dt = 0}, T = R/Z, 
equipped with the norm \\V\\ = \V{t)\dt < oo. It is well known (see [DS]) that the 
spectrum (t{C) of C is absolutely continuous and consists of non-degenerate intervals. These 
intervals are separated by the gaps Gn = {E~ , E^),n ^ 1, with length IG^I > 0. Introduce 
the fundamental solutions v^j(t, A), j = 0, 1, 2, 3, of the equation 

y"" + Vy = \y, (t,A)GMxC, (1.1) 
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satisfying the following conditions: Lp^ (0, A) = j, /c = 0, 3, where 5jk is the standard 

Kronecker symbol. Here and below we use the notation /' = §[, Z*-^^ = We define the 
monodromy 4 x 4-matrix M by 

M(A) = Mil, A), M{t, A) = {M,,{t, = {vf\t, X)}}1,=,. (1.2) 

The matrix valued function M is entire. An eigenvalue of M(A) is called a multiplier. It is a 
root of the algebraic equation D{r, A) = 0, where D{t, A) = det(M(A) — T/4), r, A G C. Let 
-D±(A) = ^^(il, A). The zeros of D^{\) (or D^{X)) are the eigenvalues of the periodic (anti- 
periodic) problem for the equation y""+Vy = \y. Denote by Aq , A^„, n = 1, 2, ... the sequence 
of zeros of (counted with multiplicity) such that Aq ^ Aj ^ A^ ^ A4 ^ A4 ^ Ag ^ ... 
Denote by Xf^_i,n = 1,2, ... the sequence of zeros of D_ (counted with multiphcity) such 
that A^ ^ A+ ^ A3 ^ A+ ^ A5 ^ A+ ^ .... 

A great number of papers is devoted to the inverse spectral theory for the Hill operator. 
We mention all papers where the inverse problem including characterization was solved: 
Marchenko and Ostrovski [MO], Garnett and Trubowitz [GTl-2],Kappeler [Kap], Kargaev 
and Korotyaev [KKl], and Korotyaev [Kl-3] and for 2x2 Dirac operator [Mil-2], [K4-5]. 
Recently, one of the authors [K6] extended the results of [MO], [GTl], [Kl-2] of the case 
—y" + uy to the case of distributions, i.e. —y" + u'y on //^(M), where u G Lj^^{R) is periodic. 

There exist many papers about the periodic systems N ^ 2 (see [YS]). The basic results 
for the direct spectral theory for the matrix case were obtained by Lyapunov [Ly] (see also 
the interesting papers of Krein [Kr], Gel'fand and Lidskii [GL]). The operator — ^ + V on 
the real line where V is a 1-periodic 2x2 matrix potential was considered in [BBK]. The 
following results are obtained: the Lyapunov function is constructed as an analytic function 
on a 2-sheeted Riemann surface and the existence of real and complex resonances are proved 
for some specific potentials. Recall the well-known Lyapunov Theorem, in a formulation 
adapted for our case (see [Ly],[YS]): 

Theorem (Lyapunov) Let V G -^^o(T). Then 

D{T,-)=T'DiT-\-), r^O. (1.3) 

If for some X & C (or \ & M.) r(A) is a multiplier of multiplicity d ^ 1, then t~^(A) ('or r(A) ) 
is a multiplier of multiplicity d. Moreover, each M(A), A G C has exactly four multipliers 
T^^{X),T2^{X). Furthermore, A G cr(£) iff |ti(A)| = 1 or |t2(A)| = 1. // r(A) is a simple 
multiplier and |r(A)| = 1, then r'(A) 7^ 0. 

The spectral problems for the fourth order periodic operator were the subject of many 
authors (see [DS],[G0],[MV],[P1-2],[PK1-2],[YS]). Firstly, we mention the papers of Papan- 
icolaou [Pl-2] devoted to the Euler-BernouUi equation {ay")" = Xby with the periodic func- 
tions a, b. For this case he defines the Lyapunov function and obtains some properties of 
this function. In particular, it is proved that the Lyapunov function is analytic on some two 
sheeted Riemann surface. It is important that for this case he proved that all branch points 
of the Lyapunov function are real and ^ 0. Note that in our case we have the example. 
Proposition II. 4[ where the Lyapunov function has real and non-real branch points. This the 
main difference between our Lyapunov function and his one. Moreover, Papanicolaou proved 
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that if all the gaps are closed and the Lyapunov function is entire in a/A, then the func- 
tions a, b are constants. Secondly, Papanicolaou and Kravvaritis [PKl-2] considered some 
inverse problems for the Euler-Bernoulli equation. Thirdly, Galunov, Oleinik [GO] consid- 
ered the operator y^'^"-^ + 'j5perit)y,'y G M, on the real hne with the periodic delta-potential 
Sper(t) = J2nez^(^ ~ ^) ■ They study the spectrum in the lowest band. It can be seen from 
the results of this paper, that the spectrum in this band has multiplicity 4, for n = 2 and 
for some 7. Recall that (see Theorem II. 3p we prove a stronger result and show that the 
spectrum has multiplicity 4 in the lowest band for each sufficiently small potential. 
We introduce the functions 

T^ = lTrM™, m^l, p=Il±l-T^. (1.4) 

The functions Ti,T2,p are real on M and entire. In the case V = the corresponding 
functions have the forms 

cos m^; + cosh m^; ^ ^ r, (cos 2; — cosh 2;)^ 1 , , 

= 2 ' = ^' 2' P = 1 ' z = X^, (1.5) 

here and below argz G (—7,7 ]. It is known (see [RS]) that D{t, A) = Eo ^m(A)r^~'", where 
the functions C,m are given by 

^0 = 1, 6 = -4Ti, 6 = -2(T2 + Ti^i), .... 

Then using the identity ()1.3|1 we obtain -D(r, •) = (r^ + 1) + C,i{t^ + r) + ^2T^, which yields 

D{t, •) = (r^ - 2(Ti - Vp)r + l) (r^ - 2{T, + ^p)r + l) . (1.6) 

We introduce the domains 



:|agC: |A^/^| >r, |A^/^- (l±«)7rn| > ^,|A^/^-7rn| > ^ 0}, r ^ 0. (1.7) 



We have p(A) = p°(A)(l + o(l)) as |A| — 00, A G Pi (see Lemma EH)). Then we define 
the analytic function -y/ p(A), X & Vj. for some large r > 0, by the condition a/ p(A) = 
^pO^A)(l + 0(1)) as |A| ^ 00, A G Vr, where ^pO(A) = (cosz — coshz)/2. 

The function p is real on R, then r is a root of p iff r is a root of p. By Lemma 5.1, 
for large integer N the function p(A) has exactly 2N + 1 roots, counted with multiplicity, 
in the disk {A : |A| < 4(7r(A^ + 1))"^} and for each n > N, exactly two roots, counted with 
multiplicity, in the domain {A : |A^/^ — 7r(l + i)n\ < '/r/4}. There are no other roots. Thus 
the function p(A) has an odd number ^ 1 of real zeros (counted with multiplicity) on the 
real interval (-F, F) C M, F = 4(7r(A^ + i))^. 

Let {tq, r^}f be the sequence of zeros of p in C (counted with multiplicity) such that: 

Vq is the maximal real zero, and .. ^ Rer^_|_i ^ ^^^t ^ ••• ^ Rer]*", 

if r+ G C+, then r" = r+ G C_, 

if G M, then r~ ^ ^ Rer~_]^, m = 1, .., n. 
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Below we will show that = — 4(7rn)^ + O(n^) as n — > oo, see Lemma 5.1. We call a 
zero of p a resonance of L. Let ... ^ ^'^'t.j ^ ••• ^ ^ni ^ ^ni ^ the subsequence of 

the real zeros of p. Then p(A) < for any A e 7° = {r:^._^-^:r~.),j ^ 1. We call an interval 
7^ C M a resonance gap. 

We construct the Riemann surface TZ for y^. For any r+ e C+ we take some curve rjn, 
which joins the points r+, r+ and does not cross 7° = U7°. To "build" the surface TZ, we 
take two replicas of the A-plane cut along 7° and U?7„ and call them sheet TZi and sheet 7^2- 
The cut on each sheet has two edges; we label each edge with a + or a — . Then attach the 
— edge of the cut on TZi to the + edge of the cut on TZ2 and attach the + edge of the cut on 
TZi to the — edge of the cut on 7^2- Thus, whenever we cross the cut, we pass from one sheet 
to the other. There exists a unique analytic continuation of the function ^/p from Vr into 
the two sheeted Riemann surface TZ of the function ^/p. Let below C G ^ and let 0(C) — A 
be the natural projection (p : 7Z ^ C 

We introduce the Lyapunov function by 

A(C) = ri(C) + vp(0, Ce^- (i-8) 

Note that Ti(C) = ri(A), since Ti is entire. Let A(C) = Ai(A) on the first sheet TZi, 
A(C) = A2(A) on the second sheet TZ2. Then 

Ai(A)=Ti(A) + v^, A2(A)=Ti(A)- A = 0(C). (1.9) 
Now we formulate our first result about the function A (A). 

Theorem 1.1. Let V e Lj(T). Then the function A = Ti + y'p is analytic on the two 
sheeted Riemann surface TZ and the branches A^ of A have the forms 

^^(^^^UA^T^^ ^^^^^ m = l,2, (LIO) 
and the following properties: 

i) The following identities and asymptotics are fulfilled 

n{X) = e^^'^+°(^-^'^), r2(A) = e^^^'^+^(^-^'^), (1.11) 

Ai(A) = cosh AV4 (1 + 0(A-3/2^) , A2(A) = cos A^^ (1 + 0{X-^/^)j (1.12) 
as |A| — > 00, A e I>i. 

a) A e c(>C) iff Am{\) G [—1, 1] for some m = 1,2. Moreover, if X G cr(£), then p(A) ^ 0. 
Hi) The spectrum of C on an interval 5 C M has multiplicity 4. iff < Am{z) < 1 for all 

m = 1,2, X E S , except for finite number of points. 

iv) the spectrum of C on an interval 5 C M has multiplicity 2 iff —1 < Ai(A) < 1, A2(A) G 
M\ [-1, 1] or -1 < A2(A) < 1, Ai(A) G M \ [-1, 1] for all X G S, except for finite number of 
points. 

v) Let A„( be real analytic on some interval I = {ai, ^2) C M and —1 < A„i{X) < 1, for any 
A G / for some m G {1,2}. Then A'^(A) 7^ for each A G / (the monotonicity property). 
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vi) Each gap Gn = {E~,E^),n ^ 1 is a bounded interval and E^ are either periodic (anti- 
periodic) eigenvalues or real branch point of (for some m = 1,2) which is a zero of p 
(that is a resonance). 

Remark, i) In the case of the Hill operator the monodromy matrix has exactly 2 eigenvalues 
T,T~^. The Lyapunov function |(r + r~^) is an entire function of the spectral parameter. It 
defines the band structure of the spectrum. By Theorem 1.1, the Lyapunov function for the 
operator C also defines the band structure of the spectrum, but it is an analytic function on 
a 2-sheeted Riemann surface. The qualitative behavior of the Lyapunov function for small 
potentials is shown on Fig. ^ 

ii) Recall that in the scalar case the spectrum of each spectral band has multiplicity 2 with 
a possible exception in the end points of the bands. For C this is similar. 

iii) In the case V = the corresponding functions have the forms 

A°(A) = cosh2, A°(A)=cos2, m = l,2, z = X^. (1.13) 

Thus the function A°(A) = ^[^(— 1)" ^^'^|| is analytic on the two-sheeted Riemann surface 

TZ^ of the function V^, where a/T = 1 on the first sheet 7^5- We have only one resonance 
gap (— oo, 0), since we have only one branch point, which equals zero. We also have 

Dl = {coshzTl){coszTl), = (7^r^)^ = -4(7^n)^ n ^ 1, ° = 0, A^° = 0. 

(1.14) 

iv) We describe the difference between the Lyapunov functions for the operators C and the 
operator Csys = + "^^ ^^e real line where V is a 1-periodic 2x2 matrix potential from 
[BBK]: 

1) For the operator C the Lyapunov function Ai is increasing and A2 is bounded on 
the real line at high energy. It creates some problem to determine the asymptotics of the 
spectral data for C. Moreover, this implies that the spectrum of C has multiplicity 2 at high 
energy. For the operator Cgys all Lyapunov functions are bounded on the real line. 

2) The resonances for £ go to —00 and the resonances for the operator Cgys go to +00. 
We formulate our theorem about the asymptotics of the periodic and anti-periodic eigen- 
values and resonances at high energy and the recovering the spectrum of C 

Theorem 1.2. Let V E Lj(T). Then 

i) There exists an integer iV ^ such that for all n ^ N the inequalities are fulfilled: 

^ K < K+i ^ K+i < K+2 ^ K+2 < ••■ (1-15) 

where the intervals [A^, A^^;^] are spectral bands of multiplicity 2 in (A+, A~_,_]^), and the 
intervals (A~,A^) are gaps. Moreover, the following asymptotics are fulfilled: 

A^ = (7™)^ ± IKI + 0(n-3/2), v^= f V{t)e-'^'''''dt, (1.16) 

Jo 

r± = -4(7™)^± V2|V;| +0(n~^/2), n ^ +00. (1.17) 
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Figure 1: The function A for small V. 

ii) The periodic spectrum and the anti-periodic spectrum recover the resonances and the 
spectrum of the operator C. 

Hi) The periodic (anti-periodic) spectrum is recovered by the anti-periodic (periodic) spectrum 
and the resonances. 

Remark. Assume that in Theorem 1.2 the potential V has the Fourier coefficients 
Vn = l/n, \n\ > for some G N. Using asymptotics ()1.16|) we deduce that there exist 
infinitely many gaps in the spectrum of C and infinitely many resonance gaps. Unfortunately, 
we can not construct a potential with a finite number of gaps in the spectrum of C 

Consider the operator £ = ^ + 7V, V e L^^J) and real 7. We will show that for small 
7 7^ the lowest spectral band of C contains an interval (rg , Aq ) of multiplicity 4 (see FigUI). 

Theorem 1.3. Let C = ■^ + lV, where V G Ll{T), 1/ 7^ 0, 7 G R. Then there exist two real 
analytic functions {•y) , Xq {•y) in the disk {\y\ < e} for some e > such thatr^ij) < Ag(7) 
for all 7 G {—e,£) \ {0}. Here (7) is a simple zero of the function p(A, 7V^), Tq (0) = 
and A,} (7) is a simple zero of the function D+(A, 7^), A(j'(0) = 0. Moreover, the following 
asymptotics are fulfilled: 

ro (7) = 2i-^(4t., - K2) + O(y'), A+(7) = 27"(4t., - + 0(1^), (1.18) 
AjW-r„-(7) = 4^V + 0(y), ^ = ^-i., = 5j;i^>0, (1.19) 

as 7 — 0, where 

1*1 I'm, nt 

Vn= V{t)e-'^^''dt, v^ = — dt v{s)v{t){m-t+s)^{t-sfds, m = l,2. (1.20) 
Jo 144 Jq Jq 
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Furthermore, the spectral interval {r^ (7), X^i'y)) has multiplicity 4 for any 7 G (— e, e) \ {0}. 

Consider the operator = + 75per,7 £ where Sper{t) = — n). We prove 

that the function A{X,'ySper) has real and as well as non-real branch points for some 7 > 0. 

Proposition 1.4. There exists N > such that for each n ^ N there exist Zn € {2mT, (2n + 
l)n),'jn G M, > 0, and the functions r^(7), —Sn < 7 — 7„ < £„, such that r^(7) are zeros 
of the function p{X,'y6per),r^{'yn) = z^- Moreover, the following asymptotics are fulfilled: 

'^^(t) = 4±"n,4v^ + 0(z/5), a„>0, z/ = 7-7„-^0. (1.21) 

Remark, i) Numerical experiments show that asymptotics (jl.2H) hold for all n ^ 1. The 
qualitative behavior of p{\,'ySper), A{\,'ySper) at 7 ~ 71 is shown by Fig. E| ii) li u > 0, 
then the branch points r^(7) are real. If z/ < 0, then the branch points ^^(7) are non-real. 

We describe the plan of our paper. In Sect. 2 we obtain the basic properties of the 
fundamental solutions and give a convenient representation of the functions in terms of 
the entries of some auxiliary matrix $. In Sect. 3 we determine the asymptotics of the matrix 
$. Using these results in Sect. 4 we determine the asymptotics of T^. We prove Theorems 
11.11 11.21 in Sect. 5. In Sect. 6 we consider the case of small potentials and prove Theorem II. 31 
The periodic 5-potential is considered in Sect. 7. The existence of non-real branch points of 
the Lyapunov function is shown and Proposition 11.41 is proved in Section 7. 

Recall that the spectrum of the operator —-^ + Q{x), x G M^, where Q is a real periodic 
potential is absolutely continuous and consists from spectral bands separated gaps. We have 
a conjecture that ends of these spectral bands are periodic or anti-periodic eigenvalues or 
some numbers similar to resonances from our paper. 



2 Fundamental solutions 

We begin with some notational convention. A vector h = {hn}^ G has the Euclidean 
norm = Yli l^nP, while a N x N matrix A has the operator norm given by \A\ = 
sup\^^i\Ah\. In this section we study the fundamental solutions ipj,j = 0,1,2,3,. We 
introduce the fundamental solutions ip^ of the unperturbed equation y"" = \y given by 

n , , , cosh zt + cos zt n / , N sinh zt + sin zt 
^o(^,A) = , Vi{tA) = , (2.1) 

n, cosh zt — COS zt n/ ,n siuh. zt — siu zt , IT 71, , 

^2(t,A) = — , ^°(t,A) = — , ^ = Ai^ arg^G (--,-], (2.2) 

which are entire in A G C. Here below we have z = x + iy, x \y\. They satisfy 
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9,V°(t,A) = (p°_,(t,A), ^y.°_„(t,A)y.^_,(s,A) = ^;_,(t + s,A), ^ A;,j ^ 3, (2.3) 

m=0 

3 

(/9[/j(m, A) = 2(coshm2; + cosmz), m ^ 1, (2.4) 



j=Q 
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ptx _|_ t\y\ 

k;(i,A)|^^ ^e^*, J =0,1, 2, 3. (2.5) 

The fundamental solutions j = 0, 1, 2, 3, satisfy the following integral equations 

(fj{t,X)=<^°j{t,X)-[ <^l{t- s,X)V{s)<^j{s,X)ds, {t,X)eRxC. (2.6) 
Jo 

The standard iterations in ()2.(ij) yield 

^) =Y1 '^)' Vn+i,j{t, X) = - Lpl{t - s, X)V{s)ipnj{s, X)ds, (2.7) 

where (poj = ip'j. Define the functions 

Tm,2(A) = - / dt V{s)V{t)ip'^^{m-t + s,X)ipl{t- s,X)ds, m = l,2. (2.8) 
4 Jo Jo 

We prove 

Lemma 2.1. For each {t, V) G IR+ x Lq{T) and j = 0, 1, 2, 3 i/ie functions ^Pj{t, ■) are rea/ 
on M anc? entire and for each ^ — 1 i/ie following estimates are fulfilled: 



N 

\\\ \ ^ 

(iV + 1)!' ' ^ \X\\ 

where \X\i = max{l, |A|}. Moreover, Tm,m = 1,2 is real for A G M, entire and satisfies 



max 



|r„(A)| sSe""*-, |r„(A)-T»(A)|s;i^e"»+-, (2.10) 



\TM) - T° (A) - r„,2(A)| ^ L_^e^'-+-. (2.11) 
Proof. We estimate yjo; the proof of other estimates is similar. ()2.7|) gives 



fn,o{t, A) 



/ (^Yl ^litk-i-tk,X)Vitk)')ipofl{tn,X)dtidt2...dtn. (2.12) 



0<t„<...<t2<ti^to=t l^*:^" 



Substituting estimates (j2.5j) into (j2.12p we obtain \Lpnfl{t,X)\ ^ -^^^e^*, which shows that 
for any fixed t G [0, 1] the formal series (j2.7j) converges uniformly on bounded subset of C. 
Each term of this series is an entire function. Hence the sum is an entire function. Summing 
the majorants we obtain estimates ()2.9p . 

The monodromy matrix is real on the real line. Then Ti, T2 are real on M. We will prove 
(Eini), (Em)- We have 

3 3 

4T™ = TrM'"(A) = TrM(m,A) = (m,A) = ^5^^i^](m,A), m = l,2. (2.13) 

j=0 n>0 i=0 



The estimates |(/9^j(m, A)| ^ e 



yield 



^ 4- 



mx 



n ^ 0. 



(2.14) 



The last estimate shows that the series ()2.13|) converges uniformly on bounded subset of C. 
Each term of this series is an entire function. Hence the sum is an entire function and Ti, T2 
are entire. Summing the majorants we obtain the first estimates in (I2.1()|l . Using ()2.H|1 . ()2.7|1 
we obtain 



i=o 3=0 



,.(m -t,A)¥?°(t,A)y(t)rft = -V?5j(m,A) / V{t)dt = Q 



and 



^(^g(m,A) = ^ / / y.°_,.(m-t,AV°(t-s,AV?(s,A)V(s)V(t)M = T™,2(A), 



where we have used ()2.8p . Then ()2.13p , ()2.14|) give the second estimate in ()2.10p and ()2.11|) . 
Note that A4(t, A) is a solution of the equation 



Y' 



/ 1 \ 

10 

1 

\ X-V 0/ 



F, (t,A)e[0,l]x 



(2.15) 



such that A^(0, A) = 14. Lemma 2.1 does not give asymptotics of A^(1,A). In order to 
determine the asymptotics of A) we need another solution Y{t, A) of Eq. ()2.15p with the 
good asymptotics at high energy, see Lemma 2.2. Note that A4(t, A) = Y(t, A)F~^(0, A). 

We will construct the matrix Y using some special solutions of Eq. ()l.l|) . which have 
"good" asymptotics at |A| — > 00 (see Lemma ESI- 

In order to determine the asymptotics of M(A) we need another solution j = 0, 1, 2, 3. 
We introduce a matrix f2(A) by 



n = fi(A) = diag{uJo,LUi,LU2,UJ3) 



;i,-i,i,-l), AeC+, n{X)=n{X). 



Here Uq and are constants in C, but uj = Uj{X),j = 1,2, are constants only in C±. It 
will imply that some of functions, which will be introduced below, they will not be analytic 
in whole complex plane, but will be analytic only in C± or theirs subsets. 
We define the functions ak{t, X), k = 0,1, 2, 3, (t. A) G M x by 



fc-i 



ao(t,A) = 0, afc(t. A) = ^cjje"*'^^ A; = 1,2, 3, t < 0, 

j=0 



(2.16) 
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y 




■ 

ZUJQ 


■ 

ZUJ2. 






X 



z = X + i?/-plane 



Figure 3: 

3 

afe(t,A) = -^cuJe^*'^^ A; = 0,1, 2, 3, t > 0, (2.17) 

j=k 

z = A^/^, - f < arg;z < f . Note that Re(zwo) ^ Re(ztui) ^ Re{zuj2) ^ Re(2tU3) (see Fig.3). 
Then we have 

^ ^tRe(zu;,) ^ ^tRe{zu^) ^ ^ J ^ k, t < 0, \e'^'^^ \ ^ e^^''^"^^\ ^ J ^ 3, t ^ 0. 

Substituting these estimates into identities ()2.1fi|) . (12.171) we obtain 

\ak{t, X)\ ^ 4e'^^^"^'\ fc = 0,l,2,3, (t. A) G M x C^. (2.18) 
Identities flTTH|) . (jTTTjl show that ct/;, cijij, ci^ are continuous functions of t G M and 

a'l'{+0, A) - a'l\-0, A) = -4z\ al"{t, A) - \ak{t, A) = -42=^5(t). (2.19) 
Let = {A G C : r\\V\\ < jAp/^} and = n C±,r > 0. Below we need 
Lemma 2.2. Lei V G Lq(T). T/ien /or each j = 0, 1, 2, 3 anc? A G A^ the integral equation 

1 

^j{t, A) = e"*"^^ + 7^ / - ^> A)^(s)^i(s, A)rfs, t G [0, 1], (2.20) 

/ias i/ie unique solution A) anc? eac/i i)j{t, ■), t G [0, 1] analytic in and continuous in 

. Moreover, each A), A G is a solution of equation d'-" + V^j = \dj for t G [0, 1] 
and satisfies 

tKe(zUj) ||T/|| 

\d,{t,X)\^^-^—-, (t,A)G[0,l]xA±, x=^- (2.21) 
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Proof. Let ■})j^Q{t,X) = e^*^-'. The iterations in Eq. ()2.20|) provide the identities 



^^{t, A) = A), ^J,r^{t, A) = / 



aj{t- s,\)V{s)^j^n-i{s,X)ds, n^l, (2.22) 



^) = TT^ / - U)aj{tn - tn-i)...aj{t2 - ti)e'"^^V{ti)...V{tn)dh...dtn. 

142: ) J [0,1]" 

For — I < aigz < j,t & [0, 1] using estimates (|2.18|) we obtain 

1^. (t _\)| ^ ^ J Q{t~tn)'Re{zujj)^{t„-t„-i)Re{zujj) ^{t2-ti)Rc{zujj) ^tiRe{zujj) 
[0,1]" 

tRe(2i^j) r llT/ll" 

x\V{h)\...\V{Q\dh...dtr. = ——^ / \V{t,)\...\V{Q\dh...dt^ = L^e'''<''^^\ 

1^1 ■''[0,1]" 1^1 

Substituting the last estimate into ()2.22|) we get ()2.21|) . This estimate shows that for each 

1 /3 

fixed \z\ > \\V\\\^,-^ < argz < f series flT^ converges uniformly on the interval [0, 1]. 
Thus it gives the solution of Eq. (|2.2(J|) . Suppose that there exists another solution yj of this 
equation. Then y = yj — yj satisfies the equation y{t, A) = ^p- /q V{s)aj(t — s, X)y{s, X)ds. 
The iterations of this equation give y{t, A) = 0. For each t G M the series fl2.22|) converges 
uniformly on any bounded subset of the domain \z\ > || V^H^'''^, — f < argz < 0, or < 
argz < J. Each term of this series is an analytic function of z in this domain. Hence the 

sum is an analytic function and ^9„(t, A) is analytic of A G Af and is continuous in Af . 

We will show that A) is a solution of y"" + Vy = Xy. Using (ICTl and (IT^ we 
obtain 

^'^"(t, A) = A^°(t, A) (^^^^2iL_^ _ s{t - s)y{s)^j{s, X)ds = A^,(t, A) - V{t)^,{t, A) 

Thus A), A G Af is a solution of y"" + Vy = Xy,t e [0, 1]. ■ 

Let Y{t, A) = {^f\t, X)}l j^Q. Then Y{t, A) is a solution of Ea. (jTTH|l and hence 

M{t,X) = Y{t,X)Y-\0,X), AgA^ (2.23) 
Differentiating Eq. ()2.20|) we obtain 



{}f\t, A) = {zu,)'e^'-^ + ^(^)«f - ^> A)^9,(s, X)ds, j, k = 0,l, 2, 3. (2. 



24) 



We introduce the matrix \& = {ilJkj}k,j=o^ where ipkj{t, X) = z ^^'^^{}f\t, A). Then 



^(t, A) = Z-^{X)Y{t, A)e-^*^, Z{X) = diag(l, z, z\ z^), (2.25) 
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hence Y{t, A) = Z(A)^(t, A)e^*^. Substituting this identity into (jOSD, we obtain 

M{t, A) = Z{\)^{t, A)e"*^^-^(0, A)Z-^(A), t e [0, 1], (2.26) 

and then 

TrM(A) = Tr($(A)e"^), Ti M\X) = Tr(<l>(A)e"^)^ <I>(A) = ^"^(0, A)^(l, A), (2.27) 

for A e Af . Note that Tr M , Tr are entire functions, but the functions \[^(t, ■), t G M, and 
$, are not entire. 

3 Asymptotics of the matrices ^ and <l> as |A| ^ oc 

We rewrite identities (j2.24j) in the form 



xljujit, \)=uj'^+ — I akj{t - s, X)V{s)^oj{s, X)ds, a^jit, A) = z-'^e'^'^^af (t, A), (3.1) 







j, k = 0,1, 2, 3. The last identities contain the equations for the functions ipoj{t, A): 



1 



^oi(t, ^) = 1 + ^ «oi(t - s, X)Vis)^ojis, X)ds, J = 0, 1, 2, 3. (3.2) 
We rewrite fl3.2|l in terms of the matrix ip = diag('?/'oo, V'oi, "^^02, V'oa) by 



1 



ip{t,X)=h + —l a{t - s,X)V{s)ilj{s,X)ds, a = diag(aoo, ctoi, ^02, Oos)- (3.3) 







Define the matrix A = {afcj}! j=o rewrite ()3.1|1 in the form 

^{t. A) = vl/Q + -L A{t - s, X)V{s)ij{s, X)ds, ^0 = {^okAh=o = W'}Ij=o- (3-4) 

Note that \E'o = ^o('^) is constant in C± and satisfies the identity ^E^o^o ~ 4/4, hence |\l/o is 
an unitary matrix. Identities ()2.16p yield 

i-i 3 
af\t, X) = J2 ^p(2cup)^e^*^^ t < 0, and af\t. A) = - J] cUp(2cUp)^e^*^^ t > 0. 

p=0 p=j 

Then fl3.1|) gives 

j-i 3 
akj{t, X) = J2 ^p^ie"*("''-"^), t < 0, and akj{t. A) = - ^ UpU^e''^'^''-'^'\ t > 0. 

p=0 p=j 
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Thus the following identities are fulfilled: 

A{t,\) = '^onH{t,X), n = diag(u;o,t^i,t^2,tU3), H = {hjk}lk=o^ 

where 



f i > k ( — e^*('^J ~'^'=) i > k 

MU) = I ^.,(.%,) ; , t<o, h,,{t,x) = [ \ \ ]<k^ 

(3.6) 

Iterations in Eq. (|3.3|) yield 

ijj{t,X) = ^iljn{t,X), i)n{t,X) = —^j a{t - s,X)V{s)ilJn-i{s,X)ds, i)o = h- (3.7) 
•'^ 

Substituting the series ()3.7p into ()3.4|) we obtain 

oo 1 /"^ 

We need the result about the matrix functions $(A) = ^"^(0, A)\E'(1, A), A G A^. 

Lemma 3.1. Let V G Ll{T) and let x = jlpr. T/ien 

E'ac/i matrix function \E'(t, ■),t G [0, 1] is analytic in the domain Af and continuous in 
and satisfies 

|^o|=2, |^„(t,A)| ^2x^ n^l, (3.9) 
|^(t,A)|^4, |^(t,A)-^^„(t,A)| ^4x^+\ N^O, A G Af . (3.10) 



The matrix function $(A) = \1'^"'^(0, A)\E'(1, A) is analytic in X E A^ and continuous in 
A4 anc? satisfies 

$ = /4 + $1 + $2 + $, '^i(^) = ^y V(s)(^//(l-s,A) -/J(-s,A))rfs, (3.11) 



$2(A) = ^j^duj^ V{u)V{s) (f(0, A) - F(l, A))ds, (3.12) 

F(t, M, s, A) = H{-u, X)nH{t - s, A) - i/(t - u, X)a{u - s,X), 
|<1>(A)|^4, |$i(A)|^2x, |$2(A)|^4x2, |$(A)| ^ 60x^ A G . (3.13) 

Proof, i) Recall that i\l'o is a unitary matrix. Then |\E'o| = 2. Let a(t) = a(t, A). Identity 
fl3.7|) for ^/'n gives 



ipnit, A) = , 3, / a{t - ti)a{ti - t2)...a{tn-i - tn)V{ti)...V{tn)dti...dtn, n^l. 
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Identity ()3.H) for a^j together with estimate ()2.18|) yields |aoj(^)| ^ 4. Then \a(t, A)| ^ 4 for 
(t, A) G M X C±. Using the last estimate we obtain 

|V^„(t,A)| ^ x", n^O, (t,A)G [0,l]xC^. (3.14) 

Identities (^-^!^ imply \H{t,X)\ ^ 4, = 1. Identity (jSini) for A gives |A(t,A)| ^ 
8. Substituting this estimate and estimates (j3.14|) into identity (j3.8|) for \E'„ we get (j3.9|) . 
Estimate ()3.9|) shows that for each t G [0, 1] the series ()3.8p converges uniformly on any 
bounded domain in Af. Each term in this series is an analytic function in A^. Hence '^{t, A) 
is also analytic function in Af. Summing the majorants we obtain 

°° °° 2j<^+^ 

l5^vi>„(t,A)|^2 5^x" = ^— -^4x^+\ AGAf, AT^-l, 

Af+l Af+1 

since x ^ |, A G A^. Then we obtain ()3.1()j) . 
ii) For the case = 2 dTTIH) yields 

^(t,A) = ^o + ^i(t,A) + ^2(t,A) + $(t,A), |$K4x^ (t, A) G [0, 1] X Af . (3.15) 

We introduce the matrices ^° = ^(0, ■),i? = (^°)"\^° = ^„(0, ■),^° = ^(0, ■)• We will 
prove that the matrix -R(A) is analytic in the domains A4 and satisfies 

R = R0+R1+R2+R, Ro = %\ i?i = -i?o^?^o, R2 = -Ro'^lRo+Roi^iRo)^ (3.16) 
R = -i?o5%+i?o(^2+^°)^o(^°-^o)i?o+i?o^?i?o(^2+^°)^o-i?((^°-^o)i?o)', (3.17) 
\R\^l, \Ro\ = ^, \Ri\^^, |i?2| ^ x^ I^K 13x^ AgAJ. (3.18) 

The matrix is unitary, then \Ro\ = j^'g ^| = = i. We have = ^0 + - ^o)- 

Recall |^°| = 2. If A G A4, then x < i and ^TW) yields - ^o| ^ 4x < 1. Hence is 
not an eigenvalue of \I'° (see [Ka]), \I'° is invertible and R is analytic in A4 . Substituting 
estimates ()3.9p into ()3.16|) we have estimates of |i?2| in ()3.18|) . Using the standard 
identity - = -A~^{A - B)B~^ for the matrices A = '^^,B = "^q we obtain 

R = Ro- i?(^° - ^o)Ro = Ro- i?o(^° - ^o)i?o + i?o((^° - ^o)i?o)' - i?((^° - ^o)i?o)' 

(3.19) 

which yields ()3.16p . ()3.17|) . Using the first identity in ()3.19p we obtain 



R\ ^ 





\Ro\ 




1 - 


Vl/C 


1 ■ 




-^0 



^ 1, AG Af , 



which yields estimate of \R\ in (j3.18p . Substituting this estimate and (j3.9|) . (j3.1(Jj) . (j3.15p into 
fl3.17|) we obtain estimate for \R\ in ()3.18p . Thus relations ()3.16|) - ()3.18|) have been proved. 
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Now we prove (nrTT| - (nrTT^ . Estimates (nTTTH) and (HTT^ give ^TH^ for $. Let ^ = 
^(1,A),^„ = ^„(1,A) and R = i?(A),/?„ = i?„(A). Identities (KT^ and (1101)1) give (jSZH), 
where 

$1 = i?o^i + ^i^o, $2 = i?2^o + ^i^i + ^o^2, $ = i?o^ + ^i(^2 + ^) + i?2(*-^o) + -R*- 

Using estimates (jSISD, (nTTTlD . (HnHll we get (ITT!?!) . 

Let v4(t) = A{t,\),H{t) = H{t,X),a{t) = a(t,A). Using i?i = -i?o^?^o^ and (jSH) we 

get 

$1 = Ro^i + Ri^o = ^?o(^i(l, A) - ^i(0, A)) = § V{s){A{l - s) - A{-s))ds. 

Substituting (j3.5p for A into the last identity we obtain (j3.1ip . 

We will prove Recall $2 = i?2^o + ^1^1 + ^0^2- Identities (^^[^ give R2 = 

((/2o^?)' - Ro'^DRo- Then 

/?2^o = (i?o^?)' - i?o^2 = i?o(^?i?o^? - ^2)- 
Substituting \E'2 from ()3.8p and ^o, V^i from ()3.7|) into the last identity we obtain 

i?2^o = [ [ V(u)V(s)A(-u) (RoA(-s) - a(u - s)) duds. 
162Vy[o,i]2 V y 

Using identity ()3.5|1 for A we have 

i?2^o = / /" (s) (H(-u)nH(-s) - H(-u)a(u - s)) duds. 

162;Vy[o,i]2 ^ ^ 

Recall that Ri = -i?o^?i?o- Then dSH) imphes 

= J j V{u)V{s)A{-u)RoA{l-s)duds = ^^ j j V{u)V{s)H{-u)VtH{l-s)duds. 

[0,1]2 [0,1]2 

dSSI) gives 

i?o^2 = /" /" V{u)Vis)Ail-u)a{u-s)duds = /" /" V(u)V(s)H{l-u)a(u-s)duds. 

162;Vi[o,i]2 162;Vy[o,i]2 



The last three identities yield ()3.12|1 . ■ 

4 Asymptotics of the trace of the monodromy matrix 

We introduce the functions bj^, Cjk, aj, Pjk in C± by 

b,k = ^ f'du /"V(M)V(s)e^(""^)(-^--^)ds, c,k = e'^^^-^'^\h,k + h,), (4.1) 



~'0 
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"0 = X](^fco + Cfco), ttj = ^ ihj + Ckj) -^bjk, j = l,2, a3 = -^b3k, (4.2) 

k=l k=j+l k=0 k=0 

j3jk = 01 j + afc - Ckj. (4.3) 
which are analytic in C± and are continuous in C±. We define the function 

T = - Ta, T° = 4(T°)2 - T° = 1 + 2 cosh z cos z. 

In order to determine asymptotics of Ti,T, we will show the following identities 

1 ^ 1 
Ti = -^0fcfce^"S T = - J2 ^jfce^^"^''"'\ t^.-fc = - (4.4) 

o^j<fc<;3 

for A G A4 where $ = {(pjk}lk=o- Identity (jTTfjl yields the first identity in (jOjl . Due to 
flTTfjl we have 

3 



T2 = ^ Tr = i Tr($e"^)' = i +2 5Z 



0^i<fcsC3 

Substituting the last identity and the first identity in ()4.4|) into T = 4Tf — T2, we obtain the 
second identity in ()4.4|) . Recall 2; = A"*^/"^ = x + iy, \y\ ^ x, A G C. 

Lemma 4.1. Lei F G Li(T) an(^ /ei $ = ^-^(0, ^^(l, ■) = {<Pjk}lk=o- Then 
i) For each A G A4 the following identities and estimates are fulfilled 

0fcfc(A) = l + afc(A) + 0fcfc(A), |a,(A)|^|x2, \^kkW\ < I20x^ k = 0,1,2,3, (4.5) 

o 

Vjki\) = l + Pjk{X) + Vjk{\), \Pjk{\)\^l>i^ |^y,fc(A) I < 1701x3, 0^j<fc^3. (4.6) 

o 

a) The following estimates and asymptotics are fulfilled 

|Ti(A) - r{'(A)| ^ 31xV, |T(A) - T°(A)| ^ 1281xV+l^l, A G , (4.7) 
Ti(A) =T°(A)(l + 0(2-^)), T(A)=r°(A)(l+0(^-^)), |A| ^ 00, A G I^i, (4.8) 

Ti(A) = ^ (1 + «o(A) + 0(z-9)) , r(A) = I (2 cos z + e^^^/?oi(A) + e-^^/5o2(A) + 0(^-9)) 

(4.9) 

as |A| 00, |y| < n, and 



Ti(A) = £::^(2cosh^^^^ + e(i-^)iao(A) +e-(^--)iai(A) +0(z-^)), (4.10) 



3(l+a;i)2; 



T(A) = (1 + /5oi(A) + 0(^-9)) (4.11) 

as |A| ^00, X — |y| < n. 
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Remark, i) Using the estimates of the functions Pjk, (f)kk,Vjk in A4 we obtain the estimates 
of the entire functions Ti,T in C. 

ii) The conditions |A| — 00, x — \y\ < it imply ReA —00 and |ImA| — > 0. Note that 

_^ g^j^^ |e(^-^i)^| is bounded in (jOUD, (gllll). 
Proof, i) Identity ()4.H) yields 

\bjkiX)\ ^ \ckjim ^ A G C±, ^ A; ^ J ^ 3. 

Substituting these estimates into (j4.2j) - (j4.3p we have estimates of aj,Pjk in (|4.5p . (|4.6p . 

We will prove estimate of (f)kk in Recall that (j3.1ip give $ = 14 + $1 + $2 + $ 

where $s(A) = $s = {0sjA:}j,fc=o5 s = 1, 2 and $ = {0jA;}j,fc=o- Now we will prove that 

0jfc = 5j-fc + 0i,ifc + 02,ifc + |0jfc|< 120x3, AeAf, J, A; = 0,1,2,3. (4.12) 

We need some simple estimate from the matrix theory. Let A = {ajj}f ^-^q be a 4 x 4-matrix 
with the usual matrix norm \A\. We prove that 

max \aij\ ^ 2\A\. (4.13) 

For each vector x = {xk}l=o ^ estimates |a;|oo ^ ^ 2|a;|oo hold, where we denote 
|x| = \xk\'^y^'^ and |a;|oo = max \xk\- Then 

\Ax\oo ^ \Ax\ ^ 2\Ax\oo ^ 2\A\ kfcl- (4.14) 

Let \apg\ = maxo^ij^s \aij\. We take Xk = Skq in (j4.14p . Then J^k^ik^k = and we obtain 
maxj \aig\ = \apg\ ^ 2\A\, which yields (|4.13p . Estimate (|4.13p together with (j3.13p gives the 
last estimate ()4.12|) . 

Substituting ()3.6|) into ()3.11|) we obtain 

and the identity V{t)dt = yields = 0, j = 0, 1, 2, 3. 

In order to complete the proof of (j4.5|l we have to prove the identity (f)2,jj = ctj, where 
aj are defined by ()4.2|) . Recall that 

$2 = du V{u)Vis) (f(0, u, s) - F{1, u, s))c?s, (4.16) 

F{t, u, s) = H{-u)VtH{t - s) - H{t - u)a{u - s), H = {hjk]]^k=o^ 
VL = diag(u;o, uji, UJ2, ^^3), a = diag(aoo, aoi, ^02, aos). 
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Then the diagonal entries of the matrix F = {fjk} are given by 



3 



fjj{t,u, s) = ^ujkhjk{-u)hkj{t - s) - hjj{t - u)aoj{u - s). (4.17) 



k=0 

In particular, 



fjj{0,u, s) = ^ujkhjk{-u)hkj{-s) - hjj{-u)aoj{u - s) 



k=0 



Recall the identities ()3.6p : 

f i > k ( —p^-ti^j-^k) n > k 



Then /jj(0, u, s) = and we have 



(4.18) 



2,,i = -Y^// V{u)V{s)fj,(\,u,s)duds, J = 0,1, 2, 3. (4.19) 



[0,1] 



Let ^ M, s < 1. Substituting (jirTKll into (jlTfll we obtain 

3 

/,,(1,M,3) = - 5^ a;fce^(i-^+")(-'=--^) + ao,(M-s), j = 0,l,2, /33(1, m, s) = ao3(u - s) 
Identity (j4.19|) gives 

^ // ^(w)^(s)(aoi(« - s) - J] o;fce^(^-^+'')("'=-"^))durfs 

16 // ^H^(^)«o,(w-s)rfMrfs+ 5^ cUfce^("^-'^^)(6,fc + 6,,)), j = 0,l,2, 

'^^ V"('u)V^(s)ao3('U — s)duds. 



16^6 



^2,33 



16^6 



[0,1] 



Ivloreover, substituting ()2.16|) . ()2.17p into (j3.1|) we obtain 

i-i 

ao,(t) = e-^'^^S(^) = 5Z^'^^'*^"'~"'^' ^■ = 1'2,3, aoo(t) = 0, t < 0, 

fc=0 
3 

«o,(t) = - J] cu,e^*(-^-'^^), J = 0, 1, 2, 3, 0. 

k=j 
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Then we obtain (l)2,jj = O-j, which yields fl4.5p . 

We will prove (j4.6|) . Recall the identity (see (j4.4j) . (j4.12j) ): Vjk = (t)jj4>kk — (pjk(pkj and 
4>jk = Sjk + (pijk + 02,ifc + (pjk- The last identities and (pi^kk = 0, 4>2,kk = «fc give 

Vjk = (1 + + (j)2,jj + 4>jj) (1 + </>l,fcfc + (t)2,kk + 4>kk) - ihjk + <p2,jk + 4>jk){,<Pl,kj + </'2,fci + 4>kj)- 

= (1 + aj + (t)jj){l + ak + (j)kk) - (0i,jfc + (f)2,jk + (j)jk){(f)i,kj + 4>2,kj + (f^kj), 
which yields 

Vjk = '^ + V2,jk + Vjk, V2,jk = aj + ak - 4>i,jk4>i,kj, (4.20) 

where 



Vjk = 02,jj(02,fcfe + (Pkk) + (Pjj(l)kk - 01jfc(02,fci + 0fci) - (02,ifc + ^jfc) i<Pl,kj + 02,fei + 0fcj)- (4-21) 

Recall the estimates ^J^: |$(A)| ^ 4, |$i(A)| ^ 2x, |$2(A)| ^ 4x2, ^ qq^ Using 

(P?T!?|l we have 

\<Pkj\ ^ 2|$(A)| ^ 8, \<Pi,kj\ ^ 4x, |02,fc,| ^ 8x2, |^^.| ^ ^20x3, < k,j ^ 3. 

Substituting these estimates into ()4.21|) we obtain estimate ()4.6|) . 
We will prove V2jk = /3jfc. Identity (j4.15|) provides 

^ ~S / e-^*(-^--^)l^(t)rft, = -0 ^V(i-*)(-'=--^V(t)dt, (4.22) 

^ J < A; ^ 3. Then 

= ^ fe-^^^-^~^'^^V{u)du /V(i-^)(-''"-^V(s)cis = Cfc„ (4.23) 



/O ^0 



where we have used (jHH). Substituting (j4.23p into (|4.20|) we obtain V2jk = ctj + — 
which yields V2,jk = Pjk- Then fl4.20p gives the first identity ()4.6|) . 
ii) Let A G . Then 0OI)-(|iH) imply 

1 3 

|Ti(A)-T{'(A)| ^ - V|e^-'=||«,(A)+0fc,(A)| ^e^max|afc(A)+0fc,(A)|, 



|T(A) -T°(A)| ^ ^ 5^ |e^(-^+-'=)||/3,,(A) +?^,fc(A)| ^ 3e^+l^l max |/3,fc(A) + ?^,,(A)|, 
o^j<fes;3 

which yield (|4.7p . Asymptotics (j4.8p follows from (j4.7|) . 

We will prove ()4.9|) . 1)4.111) for y ^ 0. The proof for ?/ < is similar. Let |A| ^ oo, ^ 
y < C. Then flOj) gives 

Ti(A) = |(^0oo(A) + 0(e-^)), r(A) = | (^e-^^^;oi(A) + e%2(A) + 0(e-^) 
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and (1131), (gH) yield (jOJ. Let |A| ^ oo, a; - ?/ < vr. Then (jOD gives 

Ti = ^(0ooe^ + 0oie~*^ + 0(e-^')), r(A) = l(e(i-Noi(A) + 0(1) 
and (gSD, (gSD yield (ICTD and 

Ti(A) = J (l + «o(A) + 0(z-^)) + ^ (l + «i(A) + 0(z-9)) , 
which implies fj4.10|) . ■ 

5 Proof of the main theorems 

Using the definitions of Ai, A2, Ti, .. we obtain following identities 

Al + Al = l+T„ A1A2 = 2T2 - ^l±i = p = l^ + T2, (5.1) 



,2 (2Ti T 1)2 - Ts Tt 4Ti + 1 



D^ = {nTiy-p= 2 -= 2 ' - i^- = -4Ti. (5.2) 

Then by Lemma 2.1, the functions Ai + A2, A1A2, D±, p are entire and are real on the real 
line. We need the results about the function p. Recall p° = ( cosh2-cos2: ^2^ ^ ^ ^^l/4: ^ ^ _^ 

Lemma 5.1. i) For each V G -^o(T) the function p = |(T2 + 1) — Tf satisfies 

\p{X) - p°(A)| ^ 6^"+^ ^^^^ ^5 3^ 

2x 

|p°(A)|>^, if |Ai/^-(l±z)7rn|^^, neZ, (5.4) 
p(A) =p°(A)(l + 0(A-=^/2)j^ |A|^oo, AG Pi, (5.5) 

2z 

p(A) = ^(l + 2ao(A) + 0(z-9)), |A|^oo, \y\<n, (5.6) 

p(A) = — - — (^-l + cosh(l-cui)z + a(A) + 0(z"^)j, |A| ^ 00, x-\y\<n, (5.7) 
where 

a = {l + e^'-^>)ao + (1 + e"^^--^)^)^! - 2/3oi, a(-4(7rn)^) = ^I^. (5.8) 

a) Let V G Lj(T). r/ien /or eac/i integer N > \\V\\^^'^ the function p(A) has exactly 2N + 1 
roots, counted with multiplicity, in the disk {A : |A| < 4(7r(A^ + |))^} and for each n > N, 
exactly two roots, counted with multiplicity, in the domain {A : |A^/^ — 7r(l + i)n\ < 7r/4}. 
There are no other roots. 
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Proof, i) By Lemma 2.2, p is entire and real analytic. The identity p = ^^^^ — yields 



IP-P 



0| 



To - 



Then estimates (jTSl), (1^^ provide (lOl . 



2 (l-i)z ^-2 (l-Qz 



Using the identity p°(A) = — sinh" ' „ ' ' sm 
7m\ ^ G Z (see [PT]), we obtain 



2 ^x.^ 2 ' estimate e'^' < 4| sin2;|, |z 



lAA)|>-e- 



1 

16 



2x 



16' 



which yields ()5.4|1 . Asymptotics follows immediately from ()5.Hp . ()5.4j] . 

Substituting (jO)) into dEH) we obtain (jSH). Substituting dHHI, ^TT^ into (jSH) we 
obtain dEIj). We prove the second identity ()5.8p . Then the first identity ()5.8|) and ()4.ip . (14.31) 

give at A = — 4(7rn)'', i.e. z = (1 + i)7rn, 



a(A) = 2(ao(A) + ai(A) - /?oi(A)) = 2cio(A) = ^e^(— i)(6oi(A) + 610(A)) '^^ 



(27rn) 



ii) Introduce the contour C„(r) = {A : \X^^^ — 7r(l + i)n\ = vrr}. Let A^i > be another 
integer. Consider the contours Co(A^ + |),Co(A'i + j),Cn{\),n > N. Note that we have 



1 



2V27r3 



on all contours. Then ()5.3|1 . ()5.4j) yield on all contours 



2x 

|p(A)-p°(A)|^3xV-+-^^<|p°(A)|. 

16 

Hence, by the Rouche theorem, p has as many roots, counted with multiplicity, as p^ in each 
of the bounded domains and the remaining unbounded domain. Since p°(A) has exactly one 
simple root at A = and exactly one root of multiplicity 2 at — 4('7rn)'',n ^ 1, and since 
Ni > N can be chosen arbitrarily large, the point ii) follows. ■ 

Recall that the set {A : -D+(A) = 0} is a periodic spectrum and the set {A : -D-(A) = 0} 
is an anti-periodic spectrum. Now we prove a result about the number of periodic and 
anti-periodic eigenvalues in the large disc. Recall = (cosz =F 1) (cosh 2; =p 1). 

Lemma 5.2. Let V G Ll{T). Then the following estimates and properties are fulfilled: 



\D^i\)-Dl{\)\ ^ 866xV+l^l, 



A G At. 



(5.9) 



i) For each integer N > the function has exactly 2N + 1 roots, counted with 
multiplicity, in the domain {|A|"'^/'* < 2'k{N + |)} and for each n > N , exactly two roots, 
counted with multiplicity, in the domain {|A^/^ — 27m | < f }• There are no other roots. 

ii) For each integer N > \\V\\^^^ the function has exactly 2N roots, counted with multi- 
plicity, in the domain {|A|^/^ < 27rA^} and for each n > N, exactly two roots, counted with 
multiplicity, in the domain {\\^^'^ — 7r(2n -|- 1)| < f }. There are no other roots. 
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Proof. Identities fl5.2|) give 



\D, 



|r-ro| + 4|Ti -T°| 



170ie^+|y| + 4 ■ 31e^ 



2 2 

which yields ()5.9|) . 

i) Let A^' > be another integer. Let A belong to the contours Co{2N + l),Co(2A^' + 
ellyl < 4| sin 

and ()5.9|) on all contours yield 



l),C'2n(^), \n\ > N, where C„(r) = {A : \\^^^ — nn] = 7rr},r > 0. Note that x ^ ■^2:^^ and 
2 1,6^"^' < 4| sinh 11,2; = A"*^/^, on all contours. Then e^*^"^"*"'^'-* < 16| sin | sinh || 



D+(X) - 4 sin^ - sinh^ - 

+ ^ ^ 2 2 



^ (30x)2e"+l^l < (15x) 



z z 


2 


4 sin - sinh - 


< 


2 2 





4 sin - sinh - 



Hence, by Rouche's theorem, -D+(A) has as many roots, counted with multiplicities, as 
sin^ I sinh^ | in each of the bounded domains and the remaining unbounded domain. Since 
sin^ I sinh^ | has exactly one simple root at A = and exactly one root of the multiplicity 
two at {27mY,n ^ 1, and since N' > N can be chosen arbitrarily large, the point i) follows. 
The proof for Z)_ is similar. ■ 

Now we prove our first result about the Lyapunov function A = Ti + ^/p. 
Proof of Theorem 1.1. By Lemma l5.ll ii. the function is an analytic function in 

the domain Vr,r = 47r^|| V"||^^^ and it has an analytic continuation onto the two-sheeted 
Riemann surface. The function A is analytic on the Riemann surface of the function ^/p. 
Due to identity all branches of A have the forms Am{z) = |(rm(^) + t~^{z)), m = 1,2. 
i) We prove (fTT^ . Substituting (gH), into JTHl) we obtain the first asymptotics (fTT^ . 
Substituting ()4.8|) and the first asymptotics ()1.12|) into the identity A2 = |^ (see ()5.1|) ) we 
obtain the second asymptotics in ()L12|) . 

By (II. 6p . the matrix M(A), A G Vr, for large r > 0, has the eigenvalues Tm(A) satisfying 
the identities Tm{X) + Tm{\)^^ = 2Am(A). Then Tm{X) has the form rm(A) = Am(A) + 
a/ A^(A) — 1, where a/I = 1. Asymptotics ()1.12|) give 



ri(A) = cosh2(l + 0{z-'')) + Jcosh' z{l + 0{z-^)) - 1 



-e^il + 0{z-')), 
3^^(1 + 0(^-6)), 



r2(A) = cos ^(1 + 0(^-6)) + Vcos2 2(1 + 0(^-6)) _ i 
|A| — > 00, A G Vi, which yields asymptotics (jLlip . 

ii) By the Lyapunov Theorem (see Sect.l), A G cr(£) iff Am(A) G [—1, 1] for some m = 1,2. 
If A G cr(T), then Ti(A) is real. By ii), A(A) is also real. Hence by (|1.8p . \/ p{X) is real and 
P(A) ^ 0. 

iii) Asymptotics from i) yield Ai 7^ D2, ti 7^ t2- Then we have the statements iii) and iv). 



v) We have A' 



2 Vm + Tm 



= 1(1 - ^m')^™ 7^ 0, m = 1, 2, since 7^ 1, r^, 7^ 0. 
vi) Let G„ = {E~,E;^) 7^ for some n ^ 1. It is possible that is a periodic 
or anti-periodic eigenvalue. Assume that E^ is not a periodic or anti-periodic eigenvalue. 
Then Am{E^) G (—1, 1) for some m = 1,2. If E^ is not a branch point, then we have a 
contradiction. ■ 

We determine the asymptotics of the Lyapunov function near the positive semi-axis. 
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Lemma 5.3. Let V G Lq(T). Then the following asymptotics are fulfilled 

Ai(A) = I (l + MX) + 0{z-')) , A2(A) = cos ^ + ^ + 0{z-'), (5.10) 
as \\\ oo, \y\ < vr, where 

(3 = e^^'Poi + e^''Po2 - 2aocosz, /^((t™)^) = -P^- (5.11) 

lo(7rnj° 

Proof Substituting ()4.9|) . ()5.6|) into the identity Ai = Ti + ^/p we have asymptotics ()5.10|) 
for Ai. Using identity A2 = |^ and ()4.9|) we obtain 

_ 2 cos^ + e^^'/jpi + e'^^"/3o2 + 0(z"'^) 
2(l + ao + 0(;2-9)) 



which yields asymptotics ()5.10p for A2. We prove the second identity in ()5.11|) . If A = (vrn)*^, 
then z = nn and we write P = /^((vm)'^), bjk = 6jfc((7rn)^), ••• We have 

f3 = (-l)"(/?02 + Poi - 2ao) = (-!)"(«! + "2 - Cio - c^o). 

Identities give 

p = (-l)''(62i + C21 + hi + C31 - 610 + 632 + C32 - ho - hi - cio - C20) 

= (-l)"(fe21 + &12 + ^31 - ^10 + &32 - ho) + e"''"(631 + &13 + ^32 + hs " ^10 " hi - ho - h2)- 

We have 

^21 + fel2 = xfi , ho + ^10 = ^31 + &32, &20 + &02 + ho + &01 = hi + &13 + &32 + &23- 

16(7™)° 

The last identities give the second identity in 1)5.111) . ■ 

Now we prove the result about the asymptotics of the gaps and the resonance gaps. 
Proof of Theorem 1.2. i) Recall that {A(J",Af„,?2 ^ 1} is the sequence of zeros of 
(counted with multiplicity) such that Aq ^ Ag ^ A^ ^ A J ^ A4 ^ Aq ^ .... And 
{y<2n-i^'^ ^ 1} is the sequence of zeros of (counted with multiplicity) such that A|f ^ 
A| ^ A3 < A^ ^ A5 ^ A^ ^ .... LemmaOgives that \{\tY'^ -Tm\<\,n> N for some 

> 0. Furthermore, A^ are roots of A^ — 1 for some j = 1,2. Asymptotics ()5.10p of Ai 
shows that Ai(A) > 1 for large A > 0. Hence for such A the spectrum of C has multiplicity 
2 or 0, and the points A^ are roots of Ag — 1 for n > N. 

We determine fll.l6|) . Lemma 137^ ii yields A^^''^ = vrn + < | for n > N. Asymp- 

totics (ICTH) gives A2(A^) = cos En + 0{n-^). Then the identity A2(A^) = (-1)" gives 

£, = 0(n-3). 

Now we will improve the asymptotics of En- Using again (|5.1U|) we have (— 1)"A2(A^) = 
cose„ + + 0{n~^). Note that 

'^ji^n) = + 0(1) max |a;',(A)| = aj{{TTn)'^) + 0{n^^), n ^ 00. 

\z-TTn\^en 
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since a'j{X) = ^0{n ^) and, by ()4.1|) . ^ = 0{n \z — 7m\ ^ l,n — »• +00. The functions 
l3jk,Cjk have similar asymptotics. Then /3(A^) = /5((7m)'^) + 0{n'^) and 



A2(A„^) = (-ir (1 - ^ + ^^^^ + 0(n-^)), f3{{nn) 



16(7rn)6' 

see ()5.11|) . Then the identity A2(A^) = (—1)"" gives = /?((7rn)^) + 0{n^^) and we obtain 



= (7™ + £„y = (7™)^ + 4{7rnfen + 0{n-^), 

which imphes fll.l(i|) . 

Asymptotics (|OTl|l . (frTT)|l provide -1 < A2(A) < 1, as A G (A+,A~+i) and A2(A) ^ 
[— 1, 1], as A G (A^, A^), n > N. Then each interval [A^, \~_^_i],n > N is a spectral band with 
multiphcity 2 and each interval (A~, A^),n > is a gaps. 

We will prove ()1.17|1 . We consider the case Imr^ ^ 0. The proof for Imr^ < is similar. 
Lemma Em ii implies z = X^^"^ = (1 + i)7m + 5„, < 1 for A = r^,n > N. Then ()5.7|1 
gives p(r^) = ^-g^(cosh(l + — 1 + 0(n~^)). The condition p(r,^) = yields 5„ = 0{n~^). 

Using ()5.7|) again and the asymptotics a(r^) = a(— 4(7rn)^) + 0{n~^) we obtain 



The condition p(r^) = yields 5^ = 4(7m)^) + 0{n ^). Identities ()5.8|) give 
Si 



(27rn)6 ' " 72(27^)3 



and then 



(^(1 + z)7m + = -4(7™)^ - 8(1 - i){TinfK + 0(n-^), 
which yields ()1.17j) . 

ii) Assume that we have the periodic spectrum Aq, A2„,n ^ 1. Using the asymptotics p.lfi|) 
and repeating the standard arguments (see [PT,pp. 39-40]) we obtain the Hadamard factor- 
ization 

n i\\ _ A - Ao -TT (A2„ - A)(A2„ - A) 

By the similar way, we determine D_ by the anti-periodic spectrum. Using ()5.2|1 we have p. 
Thus, we recover the resonances. 

iii) Suppose, that we have the periodic spectrum and the set of the resonances. Then we 
determine the functions p by the resonances, and 1)+ by the periodic spectrum. Using ()5.2|) 
we get Ti, T2 and then Thus, we recover the anti-periodic spectrum. The proof of 
another case is similar. ■ 
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6 The spectrum for the small potential 

Proof of Theorem D Recall that Cy = y"" + -fVy, 1/ G Lj(T), 7 e M and let T^(A) = 
Tm{\, 7F), m = 1, 2, p^(A) = p(A, -fV), ... Due to (ITTTll we have 

TZ = T^ + 7'T^,2 + l'Vm, l^«^(A,7)l^^^^f^e™+^ A G C, (6.1) 

Tm,2iX) = - dt V{s)V{t)ipl{m-t + s,X)ip'^^{t- s,X)ds, m = 1, 2, (6.2) 
4 Jq Jq 

where T^, p'^ were given by p.l3|) . and (p'^{t,X) was given by ()2.2|) and ?7m(A,7) is a real 
analytic function of (A, 7) G C^. Simple calculations imply 

T°(A) = 1 + — A + 0(A^), ^l{t,X) = - + 0{X), \X\^0, (6.3) 

uniformly on t G [0,2]. Substituting this asymptotics into identity ()6.2j) we obtain 

Tm,2{X) =Vm + OiX), |A|^0, (6.4) 
where Vm was given by ()1.2U|) . Using identity ()1.4|) we obtain 

p^(A)=p°(A)+7V(A,7), p'iX) = ^ + OiX'), A^O, (6.5) 

p(A,7) = ^-2T0(A)Ti,2(A) + O(7), 7 - 0, (6.6) 

uniformly in any bounded domain in C. The function p°(A) has simple roots A = and 
p°(A),p(A,7) are analytic at the points A = 0,7 = 0. Applying the Implicit Function 

Theorem to p'^(A) = p°(A) + 7^p(A,7) and ^p'^(A) 7^ 0, we obtain a unique solution 

A=7=0 

Tq (7), I7I < e,rQ{0) = of the equation p'''(A) = 0, 17I < e for some e > 0. 

In order to prove asymptotics (jl.l8|) we rewrite the equation p'''(A) = in the form 

^ + 0(A2) = -fp(A,7), A = ro-(7), (6.7) 

which yields Tq (7) = 0(7^), 7 0. Then using asymptotics ()6.3|) . ()6.4p . ()6.6|) . we obtain 

p(A,7) = f -2t;i + 0(7 + A). (6.8) 

Substituting the last asymptotics into ()6.7p . we have ()1.18|) . 
Identity ()5.2|) gives 

Z}i(A)=D°(A)+f5+(A,7), 5+(A,7)=2(2T°-l)Ti,2-^ + 0(7), 7 - 0, 
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uniformly in any bounded domain in C, and D'^ was given by ()1.14j) . D'^ = — ^+0(A^),|A| — *• 

0. The function -D° (A) has simple roots A = and D° (A), -D+(A, 7) are analytic at the points 
A = 0,7 = 0. Applying the Implicit Function Theorem to Dl,{X) = -D° (A) + 7^5'(A,7) and 
^D'J_\x='y=o 7^ 0, we obtain a unique solution Aq (7), I7I < e, Ao(0) = of the equation 
_D^(A) = 0, 17I < e for some e > 0. 

We prove asymptotics p.lSj) . We write the equation D^{X) = in the form 

-^ + 0(A2) = -7^5+(A,7), A = A+(7), (6.9) 

which yields Aq (7) = 0(7^), 7 0. Then using ()6.3|) . ()6.4|) we obtain 

5+(A,7) = 2i;i-| + 0(7), 7^0. 

Substituting the last asymptotics into ()6.9p . we have ()1.18|) . 

We prove ()1.19|) . Substituting asymptotics ()1.18p into ()6.H) and using ()6.3|) . ()6.4|) we 
obtain 

T^{K) = l-l'A + 0{^'), A=^-^, 7-0. (6.10) 

Using asymptotics (jl.l8p we have 

p\X+) = sy{-f), y=(p^)'(ro)+0(s), s = X+ - ^ 0, as 7 ^ 0. 

Substituting p^(Aq ) = syi^j) into the identity = (Ti — 1)^ — p (see (15. 2p ). and using 
D^{Xq) = we obtain 

Asymptotics dH^l), dHSl) and (p°)'(A) = i + 0(A), |A| give 

Z/(7) = (p°)'(ro ) + 0(f) = 1 + 0(y), (6.12) 

where we have used asymptotics ()1.18|1 . Substituting ()6.10|) . ()6.12|1 into ()6.1H1 we have ()1.19|1 . 
Recall the identity = - (-l)™v^, m = 1, 2. Then 



AI(A) = T7(ro-) - (-l)"^7A-rov^ + 0((A - Tq)!), A - r. 



+0. 



Hence the function is increasing in the interval {tq , Tq +e) for some e > (see Fig.(??)) 
and the function Ag is decreasing in this interval. Asymptotics ()6.10|) gives 

A?(ro-) = A^(ro-)=r7(ro) = 1-7^^ + 0(7^), 7 - 0, r,=r,i^). 

Assume that A > 0. Then there exists 6 > such that —1 < A^(rQ ) < 1 for each 7 G (0, 5) 
and A^ is increasing in the interval {rQ,rQ + e) with some e > 0. Then by Theorem 1.1 
iv, AJ is increasing in the interval (rg ,Ao(7)), where A]'(Ao(7)) = 1- Hence Ao(7) = A^^(7) 
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for some n. Note that Ao(0) = 0, since A5(A) = cosh 2;. Then Ao(7) = Aq (7) = Aq . Hence 
-1 < A?(A) < 1, A G (rg , A^) and AJ{X^) = 1. Moreover, substituting identities (jED), 
into the identities AT, = — -y/p^, we obtain A2 = cos 2; + 0(7)57 0. Then the function 
A2 + 1, ^ 7 < 5 has not any zero in the interval {r^, A^). Then —1 < A2(A) < 1 for each 
A G {vq , Aq )• Hence by Theorem 1.1 ii), the spectral interval {r^ , Aq ) has multiplicity 4. 

Now we will show that A > for all V G Lq(T), V ^ 0. Firstly we prove the following 
identity 

A=^—[ f{u) [ V{t)V{t~u)dtdu, f{u) =u\2u'^ -6u^ + 5u'^ -1). (6.13) 



2 ■ 288 _ 

Let Aq = 2- 288 a. Identities (IT^ . (fTTIH) give 

Ao = l r dt f V{s)V{t){2 - t + sf{t - sfds - % = + ^ + ^, (6.14) 



Q Jo Jo 3 3 3 6 

where ^ ^ 

hi= [ dt f V{s)V{t){l-t + sf{t- sfds, 
Jo Jo 

h2= [ dt f V{s)V{t){2-t+sf{t-sfds, h3= [ dt f V{s)V{t){l-t+sf{l+t-sfds. 
Jo Jo Jo Jo 

Then 

/ii = Is - 3/4 + 3/5 - /e, /i2 = 8/3 - 12/4 + 6/5 - /e, /i3 = -6/2 + 6/4 - 2/6, (6.15) 
where 

Im= [ dt f V{s)V{t){t- s)'^ds= [ u'^du [ V{t - u)V{t)dt, m^O. (6.16) 

Jo Jo Jo Ju 

Substituting ()6.15p into ()6.14|) and using ()6.16p we obtain 

= 5/4-6/5 + 2/6 - /2 = / /(s) / V{t)V{t- s)dtds, (6.17) 

Jo Js 

where / = u'^{2u^ — 6u^ + 5m^ ~ 1)? which yields (j6.13|) . 

Now we prove that A>0. Using /(^^(O) = f'^^\l), ^ j ^ 4, f^^\l) = -f^^\0) = 6! we 
have 

/W = E/"^''^"*' ^- = 7^^' ^^0' ^° = -^' yit) = J2^ne''-'. (6.18) 

n ^ ' n^O 

Substituting these identities into ()6.17p we get 

m,n "'O 
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where 



and 

oo „i 

_^ Jo 



Note that 



2' /(.)(1 - .)e-^^-d. = E / V - «)/.e^^'^(--'^)^d. = + ^' 



, i27r(p — n) 2 
Then 

since t^o = 0, Fi is real, /p > 0,p 7^ 0. ■ 

7 Complex resonances. 

Consider the operator = + 75per,7 G C, where Sper, Sper = '^S{t — n). Let — 
Ti{-, jSper), p'^ — p{'i l^per), ■■■■ Recall that X — z'^ and for the case y = we have 

^n/,N /X n/,N 9 / N / N cosh 2; ± COS 2; , , sinh 2; ± sin 2; , 
r°(A) = c+(^), p°(A) = c2_(^), c±(^) = 2 ' = 2 ■ ^^-^^ 

Lemma 7.1. For ^/le operator C? — d^/dt^ + 75per ^/^e following identities are fulfilled: 

T-Tf-,i^. ,. = pO-,f^^f^. (7.2) 

Proof. The solution of the equation y"" + K'^'y = \y and |/',|/" are continuous and 
y'" {n+Q)~y"' {n—Q) — —jy{n), n e Z. Then the fundamental solutions (pj{t, X),j — 0, 1, 2, 3, 
have the form 

^j(t) = ^ t < 1, = - ^^l(t - 1)^5(1), 1 ^ i < 2, 

^Ath^jit) - ^'PHt - l^l) - l^lit - 2) ((^5(2) - 7<^^(1)<^?(1)) , 2 ^ i < 3, 
here and below we write (pj{t) — (Pj{t^ A). Then 

3 3 


29 



which yields the first identity in ()7.2|) . and 

3 3 





Identities (Q give Yl{^l)^^K^)v]{^) = vli'^) and we obtain 



Then 



Using 

2TiV!^(l) -¥^3(2) = ^(^(coshz + cosz)(sinhz-sinz) - (sinh 2z - sin 2z' 



we obtain the second identity in ()7.2p . ■ 

We shall show the existence of complex resonances. In this case 7 is not small parameter. 
We rewrite p'^, given by (j7.2p . in the form 

P^(A) ^ -,f±W)^ f^^^ . - - (7.3) 

Az^C- iz) 

F±{z) = — M = sinh2sinz, z e En = (27m,7i{2n + 1)) (7.4) 
s+{z) ± a/U 

where z = A^/^ and \/l = 1. The following properties of F = are fulfilled: for each n ^ 1 
the functions F are analytic on the interval ?7„ and, 

F'{z) —00 as 2; 2?™ + 0, and F'{z) —>■ 00 as z {2n + l)7r — 0. 

Hence for each n ^ 1 there exist points Zn G En, such that F{zn) = min^g^;^ F{z). Then the 
Taylor expansion of the function F at the point Zn is given by 

F{z) = F{zn) + fc—f!^ (^F"{zn) + F{^)) , = Oiz - Zn) as Z-Zn^O. (7.5) 

Moreover, for each fixed z & En, we have 

F(z) =4^3(1 + 0(e-"/2)) =4^3(1 + 0(6-™)), as n^oo. (7.6) 

We prove that there exist the real and non-real branch points of the function A''' (A) for some 
7. The corresponding behavior of the functions p'^{X), A'^{X) is shown by FigO 
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Now we prove Proposition 11.41 Let 7„ = F{zn)-We prove that there exists > such 
that for each n ~^ N there exist > and the functions ^^(7), 7„ — < 7 < 7^ + e„, such 
that r^(7) are zeros of the function p"'{X),r^{0) = z^. Moreover, the following asymptotics 
are fulfilled: 

9 - 

r±(7)=4±44(-^;^)'+0(z/i), F"(z„)>0 as z/ = 7 - 7n - 0. (7.7) 

Proof of Proposition II. 4L Differentiation in identity (|7.4|) for F = yields 

3 s a' 

F' = gF, g = - + '-± - h, h = -, a = s+ + ^/u. (7.8) 

z C- a 

Asymptotics ()7.fij) gives F{zn) 7^ 0,n ^ iV. Then using identity F\zn) = we obtain 
g{zn) = 0, hence 

/,(^„) = l + ^±M = l + l + 0(e-^™), (7.9) 

We get 

F" = g'F + gF', F"{z^) = g' (z,^) F (z^) , (7.10) 

and 

g=9Q-h, go{Zn) = ^-^—^ = 0{n ), n ^ +00. (7.11) 

Consider h'. Differentiating identities (|7.8|) we obtain 

a" , , , u' „ u" 1 / N 2 



Using identity ()7.8|) for a we have 

?Lp^ = l + 0{e-n. (7.13) 

Substituting (Q, (TTTT?!) into (TTT^ we have /i'(2„) = -|- + 0{n~^). Then fITlTll gives 
(7'(^n) = I: + 0(n-2). Thus (HED, (Umi) imply 

F"{zn) = 2Azl{l + 0{n-')), n ^ +00. 

Thus, for each r > there exists > such that F"{zn) ^ r for all n ^ N. 
Let n ^ N. Substituting F(z„) = 7„ into ()7.5p we have 

i^(^)=7n+^^^^(i^"(^n)+^(^)), F{^)=0{z-Zn), Z - Z^ ^ 0. (7.14) 
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There exists 6 > such that the function F[z) is analytic in the disk {|z — z„| < 6} and 
F"{zn)+F{z) > for z—Zn < {—S, 6). Then using (j7.14p we rewrite the equation F{z)—'y = 
in the form 



$+(^,7)$-(^,7) = 0, $±(^,7) = V^T^^\Jf"{z^) + F{z). (7.15) 

Using 7„) 7^ and applying the Implicit Function Theorem we obtain that $±(-2, 7) 

has exactly one simple root z±{pfri + t^) in the disk {|z^| < Sn} for some > such that 

Z±{l) = Zn^ , Z±{-in) = Zn- (7.16) 



F"{z^) + F{z^{^)) 

Thus, the function F{z) — 7, < has exactly two zeros -^±(7). Then ()7.3|) gives that the 
function p'''(A), I7 — 7n| < has exactly two zeros ^^(7) = -2^(7)- Substituting asymptotics 
dZSI) for F into (fTTT^ . we obtain (jZilj). ■ 
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